The exactly solvable model of a one dimensional isotropic XY spin chain is employed to study the thermodynamics of open systems. For this purpose the chain is subdivided into two parts, one part is considered as the system while the rest as the environment or bath. The equilibrium properties of the system display several anomalous aspects such as negative entropies, negative specific heat, negative susceptibilities in dependence of temperature and coupling strength between system and bath. The statistical mechanics of this system is studied in terms of a reduced density matrix. At zero temperature and for a certain parameter values we observe a change of the ground state, a situation akin to a quantum phase transition.
Introduction
Ordinary thermodynamics describing the macroscopic phenomenology of homogeneous equilibrium systems leads to the following stability conditions:
(1)
These conditions ensure that the pressure P of a system decreases as its volume V increases and that the system warms up when absorbing energy at fixed volume (positive specific heat at constant volume C V ). One of the major achievements of mathematical physics was to show that ordinary matter, composed of a large number of electrons and protons, behave according to Eqs. (1,2) [1] . However, it has recently turned out that systems not satisfying the condition (2) , actually exist in nature, and that a corresponding thermodynamic description should yet be possible in certain cases [2, 3] . The prototypical examples of such unstable systems are stars which are known to expand and cool down as their energy increases [4] .
Within the canonical ensemble the specific heat is related to the fluctuations of energy via the relation k B C V = T −2 δE 2 . From this expression it is evident that specific heat is necessarily positive in the canonical ensemble. Negative specific heat, however may appear within the microcanonical ensemble. This can happen due to different mechanisms:
• The ergodic properties of the system may depend on energy. Hence, at different energies, different parts of phase space are accessible. This may lead to negative specific heat and other thermodynamical anomalies. An example was given by Hertel and Thirring [5] .
• The system might be far from the thermodynamic limit. Systems that are stable in the thermodynamic limit, such as Lennard-Jones gases, may display negative specific if only their size is small enough [6, 7] .
• Long ranged forces might prevent the thermodynamic limit to exist at all. But even when an equilibrium state exists such systems remain nonextensive and may show negative specific heat [8, 9] .
In this work we will present yet another mechanism that leads to negative specific heat and other thermodynamic anomalies for systems in contact with a heat bath. Apart from extensivity and short ranged interactions, another assumption is customarily made in the statistical mechanics of canonical systems, namely weak coupling between system and its environment. When the coupling to the environment is not negligible, violations of condition (2) may appear even if system and environment, as a whole, are in a canonical state [2, 3] . Hence, yet another item can be added to our list of exceptions:
• Systems that strongly interact with their environment may display thermodynamic anomalies
For example, a single free particle, which would display a positive specific heat when weakly coupled to a bath, may display negative specific heat when in strong interaction with the bath [2] . Similar effects were observed for a two level system coupled to a harmonic oscillator [10] .
We assume that the total system S + B, is in weak contact with a super-bath that provides the temperature concept (T = (k B β) −1 , k B is Boltzmann constant.) This total system is therefore described by the canonical statistics e −βHtot /Z tot , where H tot is the Hamiltonian of the total system S + B and Z tot = Tre −βHtot . Accordingly, its specific heat cannot be negative. However, if the coupling between S and B is non-negligible, the overall canonical state does not factorize into the product of two canonical states for S and B respectively: e −βHtot /Z tot = e −βHS e −βHB /(Z S Z B ). Although the system is in perfect thermal equilibrium with its environment, it is not in a canonical state and therefore negative entropies and violations of the inequalities (1,2) may occur. These violations though are not a sign of any instability because as a part of a stable total system, the system of interest itself is also stable.
There are few available exact solutions of open systems displaying this kind of anomalies. One known example is the damped free particle [2, 3, 11] and a two-level fluctuator in contact with a single oscillator [10] . Numerical investigations of thermodynamic anomalies in the context of the Casimir effect, the multichannel Kondo effect and of mesoscopic superconductors containing magnetic impurities have been reported recently in the literature [12, 13, 14] . In this work we study the thermodynamics of a subchain of a longer chain of spins interacting according to the isotropic XY model with The system of interest S, made of the first left-most N S spins (green squares), and the "bath" B, made of the remaining N B spins (yellow circles). When the interaction between the two subchains is non negligible, anomalies may occur in the thermodynamics of the system of interest S.
free ends [15, 16] . The spin chain is composed of two parts. One subchain is defining the system S, while the rest of the chain comprises the bath, B (see Fig. 1 ). Being this an exactly solvable model, we are able to analytically find the relevant thermodynamical functions for the subchain. Far from being a purely academic problem, the study of the equilibrium properties of spin-1/2 chains has been recently attracting a great deal of attention. Spin systems not only are the basis of the physics of magnetic materials [17] but they might have an enormous impact with regard to the development of quantum technologies [18, 19, 20, 21, 22] . We believe that the study of the thermodynamics of small quantum systems will help to understand problems of quantum information and vice versa [23] .
In Sec. 2 we briefly review the generalities of the thermodynamics of open systems. The specific model studied in this paper is described in Sec. 3, while its thermodynamics is illustrated in Sec. 4. Various anomalies ranging from negative entropy and negative specific heat, to negative susceptibility are observed for system size, N S , of the order of unity. In Sec. 5 we study the reduced density matrix of the open system S and show that it departs from the canonical form in the strong coupling regime. The spectrum of the reduced density matrix is analyzed and it is observed that, regardless of the strong coupling, a quantum phase transition occurs at zero temperature. Conclusions will be drawn in Sec. 6.
Thermodynamics of open systems
Consider the following Hamiltonian:
describing a systems of interest S interacting with a second system, the bath B, via the interaction energy term H SB . The compound system S + B is in weak contact with a large super-bath at temperature T = 1/k B β. Hence it is described by the canonical density matrix:
where
is the total system partition function, with Tr denoting the trace over the total system Hilbert space. The partition function of the open quantum system, S, is given by the ratio of the total system partition function Z tot and the bare bath partition function Z B , i.e. [2, 3, 10, 24, 26, 27, 28, 29] :
with Tr B denoting the trace over the bath Hilbert space. According to the rules of statistical mechanics, the Helmholtz free energy of the open quantum system is then:
From this free energy, all the relevant thermodynamic functions of the open quantum system can be derived. In particular, the entropy and the specific heat are given by S = −∂F/∂T , and C V = T ∂S/∂T , respectively. Thanks to Eq. (6) the system's free energies is the difference of the free energy of the total system and the bare bath, i.e.:
Due to the linearity of the derivative, this implies according relations for the entropy and the specific heat of the system, which take the form:
While C tot and C B are positive numbers, there is no reason why their difference should be positive as well. Hence, coupling the bath B strongly to the system S may result in an overall decrease of specific heat. The same holds for the entropy and other thermodynamic quantities that linearly depend on the free energy. These relations will be exemplified with the model described below.
The Model
We consider the isotropic XY model of N interacting spins on a one dimensional lattice of equally spaced sites with free ends:
where σ 
The first term in the Hamiltonian (12) accounts for the Zeeman interaction between each spin and an applied magnetic field h pointing in the z-direction.
The second term describes the nearest neighbor interaction with strength J. The isotropic XY model (12) is an exactly solvable model. By means of the Jordan-Wigner transformation [16] , the Hamiltonian (12) is mapped onto a system of N free fermionic eigenmodes, of energies
see Appendix A. Thereby, the spectrum of the Hamiltonian (12) is expressed in terms of the occupation numbers of each fermionic mode n j , as
where each n j can only be 0 or 1. Given the spectrum, the partition function, Z N = n1,...nN e −βεn 1 ,...n N , is calculated as:
According to the formula F = −β −1 ln Z, the free energy of an isotropic XY chain of N spins then becomes:
denotes the contribution from the k th fermionic mode.
A part of the chain as an open system
We now consider the part of the chain consisting of the first N S spins, counted, say, from the left end of the chain, as the system of interest, S, and the rest of N − N S spins as the bath, B, see Fig. 1 . The total Hamiltonian H N , can be recast in the usual system-bath form H N = H S + H B + H SB of Eq. (3), with
The regime of strong coupling holds when the system energy is comparable to the interaction energy. Weak coupling is achieved in this problem when at least one of the following holds
From the Eq. (9), the thermodynamic free energy of the open system S is the difference between the free energy of the total chain of length N and the free energy of the bare bath B, which is itself a XY chain of a certain length N B . Its free energy is then readily obtained by replacing N with N B in Eq. (19) . We thus obtain for the system of interest S:
Using Eqs. (19, 20) :
Thermodynamics of the subchain S
We discuss now the explicit results for the relevant thermodynamical functions, such as entropy, specific heat, magnetization and susceptibility of the open system defined in Eqs. (3) and (21) . See also Fig. 1 . 
Entropy
We begin our discussion with studying the entropy of S:
From Eq. (19), follows
where S N and S NB denote the total system and the bare bath entropies, respectively, and
is the single mode entropy of the total chain of length N . Likewise s (NB) q is the single mode entropy of the bath B. In Fig. 2 the temperature dependence of the entropy per spin S/N S of the system S, is shown for different system sizes N S of S and fixed total size N . The magnetic field is h = 3J/2 and h = J/2 in the top and bottom panel of Fig. 2 , respectively. For comparison, the graphs showing the temperature dependence of entropy for the same system sizes in absence of the bath, are shown as well. We shall use the label S 0 for the bare system.
Notably the presence of the bath does not affect much the entropy of the system at high temperatures, whereas its effect is most prominent at low temperatures. This high temperature behavior can be understood by looking at Eq. (27). The entropy s (N ) k of each mode tends to ln 2 for large temperatures, thus the entropy of the total system tends to N ln 2. Likewise, the entropy of the bare bath tends to N B ln 2 and that of the system S tends to (N − N B ) ln 2, which is the same as the entropy of the bare system S 0 at high temperature, i.e., N S ln 2. Thus, for increasing temperature the effect of the bath on the entropy of the system S becomes less relevant.
With reference to both panels of Fig. 2 , we see that at low temperature, the effect of the bath becomes increasingly relevant as the system size decreases. As the system shrinks, the relative effect of the interaction with the bath, which is a surface effect, becomes more important (strong coupling). In particular, we notice the pronounced peak in the entropy for the smallest value of N S (N S = 2) in the case h = 3J/2, top panel of Fig. 2 . A different situation occurs in the bottom panel of Fig. 2 where the magnetic field is chosen to be h = J/2 and all other parameters are kept unchanged as compared to Fig. 2 . The major difference is the presence of a region of negative entropy. This is a feature that is often found in open systems, in the regime of strong coupling [2, 3, 25, 10] Fig . 3 shows the entropy of a larger chain (N S = 100) coupled to an equally large bath (N B = 100) as a function of coupling strength J/(k B T ), as compared to the entropy of the same chain with no bath. For small enough J/(k B T ) the two entropies are approximately equal, while thir difference is apparent for large enough coupling. The entropy of the uncoupled chain is always positive, whereas the entropy of the coupled chain may become negative for large enough coupling J/(k B T ).
Specific heat
The specific heat at constant magnetic field h is obtained from the entropy via the standard for- mula:
Evidently C is the difference between the total system specific heat, C N , and the bare bath specific heat, C NB
where the single mode specific heat is:
The specific heat of each single mode vanishes at high temperature and so do the total chain specific heat, the specific heat of the bath, the specific heat of the system S, and the specific heat of the bare system S 0 . Fig. 4 shows the specific heat for the same parameters as in Fig. 2 , that is N = 20, N S = 2, 18, with h = 3J/2 (top panel) and J/2 (bottom panel). Quite interestingly, for the smallest system (N S = 2) which is more affected by the bath, the specific heat displays a very pronounced positive peak at very low temperature followed by a negative peak at intermediate temperatures, for the case h = 3J/2. This appearance of a negative specific heat at intermediate temperature was observed also for a free particle coupled to a minimal bath composed of a single oscillator [2] .
The behavior changes if the magnetic field is decreased to a value smaller than J, e.g. h = J/2, see bottom panel in Fig. 4 . In case of very small N S , i.e. N S = 2, there is a negative peak at very low temperature and a positive one at intermediate temperature. A similar situation was also observed for the case of a two-level system coupled to a minimal bath composed of a single oscillator [10] .
The sign of the specific heat is given by the sign of the derivative of S with respect to temperature T . Thus, whenever the entropy displays a region where it decreases for increasing temperature, correspondingly the specific heat displays a region of negative values. Therefore, the presence of a positive peak in the entropy at low temperature leads to the appearance of negative and positive peaks in the specific heat at low and intermediate T 's, respectively (compare the top panels in Figs. 2, 4) . Likewise the presence of a negative peak in the entropy at low T leads to a negative specific heat region at low temperature whose extension is smaller than that of negative entropy (see also [10] ).
Magnetization
Of further interest is the magnetization of the system S as a function of temperature T and magnetic field h:
It is given by the difference of the magnetizations of the total chain and the part of the chain representing the bath, reading:
where the single mode magnetization, m
At high temperature the single mode magnetization tends to zero as the thermal agitation wins over magnetic ordering. With reference to the top panel, we see that in absence of a bath the magnetization per spin of the shortest chain, N S = 2, is much larger than the magnetization of the longer chain N S = 18, for thermal energies (k B T ) up to the order of J. When the system is put in contact with the bath, no relevant change in the magnetization is observed for the longer chain N S = 18. For the smallest chain however, a quick drop of the magnetization occurs with increasing temperature, and values close to those pertaining to larger chains are reached already at temperatures of the order J/(10k B ).
The bottom panel of Fig. 5 shows the magnetization per spin for the same parameters as of the top panel but for h = J/2. In contrast to the case h = 3J/2, and with reference to the smallest chain, N S = 2, we observe a dramatic enhancement of several orders of magnitude of magnetization at values of k B T /J 0.1, due to the coupling to the bath. 
Susceptibility
By taking the partial derivative of the magnetization M with respect to magnetic field, one obtains the magnetic susceptibility:
One finds:
where the single mode susceptibility reads: expected, this is more pronounced for the shortest chain.
Of particular interest is the behavior of the susceptibility for values of h < J and the smallest chain (bottom panel of Fig. 6 ). Note the large negative enhancement at low temperature for N S = 2. Not only the entropy and the specific heat may display anomalous behavior in open systems and take on negative values, but also the susceptibility may do so.
Internal energy
The system internal energy is obtained from the thermodynamic relation:
Evidently, also the internal energy of the system is given by the difference of the respective quantities for the total system and the bare bath, resulting to:
where the single mode energy is given by:
Using Eqs. (20, 28) for f k and s k we obtain
is the Fermi distribution giving the average occupation number of the k'th fermionic eigenmode.
In Fig. 7 we show the curve (U (T, h), S(T, h)), parameterized by the temperature T , for the fixed parameters N = 20, N S = 2 and h = 3J/2 (top), h = J/2 (bottom). Note that the relation of entropy and internal energy is not one-to one everywhere, but there is a region of internal energies belonging to different entropies and vice-versa. This is a specific feature of strongly coupled open systems, which may not appear in the weak coupling regime. The graph (U (T, h), S(T, h)) contains many informations. Each point on the plotted curves corresponds to a given temperature T , which is identical to the slope of the graph at the very same point.
Cusps appear in the curve (U (T, h), S(T, h)) for those values of T for which the entropy S(T, h) has a local extremum. By comparison with Fig. 2 , we see that for N S = 2, h = 3J/2, first the entropy goes through a maximum and subsequently a minimum, as the temperature is increased. These two extrema correspond to the two cusps one encounters in the graph (U (T, h), S(T, h)) as one follows the curve in the U -S plane starting at S = 0. Note that the curve continuously changes its slope when passing through the cusps. The bottom panel of Fig. 7 shows the curve (U (T, h), S(T, h)) N = 20, N S = 2 and h = J/2.
Only one cusp appears here in correspondence to the single extremum (a minimum) of the graph S(T, h), compare to Fig. 2 .
In presence of vanishingly weak coupling, the specific heat is positive, meaning that the entropy is a strictly increasing function of T . This precludes the possibility of having local extrema in the entropy, which in turn excludes the appearance of cusps in the S, U plot. 
The system reduced density matrix
In this section we study the density matrix of the system of interest S. We recall that a super-bath thermalizes the total system S + B. This means that the total system is in a thermal Gibbs state:
The density matrix ρ of S is obtained by tracing out the bath degrees of freedom from ρ N :
For the sake of simplicity, we limit our discussion to the case of a small system with N S = 2, where the effects of the coupling to the bath B are maximal. In this case of a system composed of two spins the reduced density matrix can be calculated by means of two-point correlators, according to the general formula 
Using Eq. (47) one obtains, after standard but tedious algebra:
Diagonalization of ρ is straightforward. We obtain the following eigenvectors
where the phases θ ± become The corresponding eigenvalues are:
where we have introduced the abbreviation:
The zero temperature limit
It is interesting to study the spectrum of the reduced density matrix at zero temperature, i.e., for β → ∞. Fig. 8 shows the spectrum as a function of the applied magnetic field for β = 1000, J = 1, and N = 20. For h > 2J the only nonzero eigenvalue is p 4 , meaning that the open system S is in the pure state |4 = |−− . The same holds for h < −2J too, in that case the ground state is |1 = | + + . This is an interesting results: even though the system is (strongly) coupled to the bath B, its ground state is the same pure state | − − (or | + + ) that the system would have in absence of the bath, if the magnetic field is strong enough. The fact that the bath does not alter the ground state for |h| > 2J is another interesting aspect of a system strongly coupled to its environment. This happens because for |h| > 2J the total system ground state is a pure factorized state given by the product of single spin states all pointing in the same direction (parallel to h for h < −2J, antiparallel to h for h > 2J). By tracing out the bath spins, a pure factorized state given by aligned spins remains for the subsystem S. On the other hand, when |h| < 2J, the spins in the ground state of the total system are entangled. Thus tracing out the bath degrees of freedom leads now to a mixed state for the subsystem S. Note that the transition of the system density matrix takes place at the same parameter value h/(2J) = 1 at which the infinite chain (N = ∞) undergoes a quantum phase transition [30] .
The abrupt steps appearing in the spectrum, as displayed in Fig. 8 , correspond to the values of h for which the energy of a fermionic eigenmode vanishes, i.e, λ 
(69) where θ is the Heaviside function. The summation over all these steps, then originates the staircase structure of the spectrum. In the thermodynamic limit N B → ∞, both width and height of the steps shrink and a continuous curve results. An analytical expression for the p i 's can then easily be found by replacing sums with integrals (not reported).
The high temperature limit
It is apparent that, in general, the reduced density matrix is not of the form ρ 0 = e −βHS /(Tr S e −βHS ), corresponding to the uncoupled case. In the same basis {| + + , | + − , | − + , | − − } of Eq. (48), this canonical ρ 0 reads:
with Q 0 = Tr S e −βHS = 2[cosh(βJ) + cosh(βh)]. The analysis carried out in the previous section shows that, at high temperature, the thermodynamic behavior of the system is not affected by the coupling to the bath. This suggests that at high temperature the reduced density matrix ρ should tend to the uncoupled system density matrix ρ 0 . This is indeed the case. Taylor expansion around β = 0 reveals that ρ and ρ 0 coincide up to second order in β.
Conclusions
The (possible) appearance of thermodynamic anomalies due to a violation of the the usual weak coupling assumption have been highlighted. Negative specific heats and entropies were reported already in the literature [2, 3, 10] , here, for the first time, we described anomalies of the susceptibility. Apart from the fact that the susceptibility may become negative, its value can also be enhanced by several orders of magnitude, in the strong coupling regime.
The coupling strength of the XY model is determined by the exchange energy J. This energy has to be compared with thermal energy and the bulk energy of the system, which grows with the system size N S . Therefore, the anomalies may only emerge for relatively small systems at sufficiently low tempratures. For large systems and at high temperatures, the canonical density matrix exp[−H S /k B T ]/Z S describes the equilibrium properties of the system excluding the presence of any anomaly. This is a well known generic feature of any spatially extended system interacting with its environment by short range interactions [31] .
The analysis of the reduced density matrix shows that the thermal equilibrium properties of open quantum systems may grossly differ from those resulting from a canonical Gibbs state. This is true even in the thermodynamic limit of the bath N B → ∞, as long as the coupling remains strong, (J/k B T is sufficiently large and N S sufficiently small). In regard to the case N S = 2, we found that the ground state changes from a pure to a mixed state, a situation akin to a quantum phase transition [30] . This transition takes place at the same value h = 2J of the magnetic field at which the usual phase transition in the closed isotropic XY model, is observed.
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Appendix A. Solution of the isotropic XY model
In this appendix we briefly review the solution of the isotropic XY model, Hamiltonian (12) [15, 16] . The operators a j are fermionic operators satisfying the canonical anti-commutation rules:
In terms of these operators the Hamiltonian (12) is expressed as:
(A.4) Next, following known procedures, yet new operators are defined, via the discrete sine Fourier transform:
The new operators also obey canonical fermionic anti-commutation rules:
Expressing the Hamiltonian in terms of the b k 's, one gets: 
